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Figure 1: Artificially generated training data for neural networks where points are sampled from a unit sphere and then classified based on

position relative to two randomly generated planes.

1 Introduction

Neural networks are typically trained using a gradient descent
based algorithm called backpropagation. This technique has found
widespread adoption due to its scalability and suprisingly high per-
formance [Cecun et al. 1998], but unforunatly offers no guarantees
regarding convergence to an optimal solution. An alternative ap-
proach is to directly solve and set the neural network’s weights us-
ing a Simple Modulo Theory (SMT) solver. This approach is con-
ceptually easier to understand than backpropagation, but unfortu-
nately finding an optimal solution is NP-hard and quickly becomes
inefficient as the size of the training data and neural network grows.
For this project, an algorithm is proposed to train any feedforward
neural network with rectified linear unit (ReLU) activations using
an SMT solver. Finally, a performance test is run on neural net-
works of increasing sizes to compare using backpropagation vs the
SMT solver algorithm proposed.

2 Background

Training neural networks using gradient descent first started to see

success with the proposal of backpropagation in 1986
et al. T986]. Slowly this approach found wider acceptance and
started being applied to more complicated problems such as com-
puter vision in 1998 [Lecun et al. 1998]. As GPU advancements
and computational power have continued to increase since then, the
size and abilities of modern neural networks has also continued to
increase. Despite the wide variety of recent advancements, back-
propagation has consistently remained the most widely used super-
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vised training algorithm and is supported by popular libraries like

PyTorch [Paszke et al. 2019]] and TensorFlow [Abadi et al. 2015].

Backpropagation works by first defining some loss function for a
model’s output, computing the loss based for some input data, find-
ing the gradient of loss with respect to the model’s weights, and then
updating the weights in a direction that minimizes the loss function.
Although this optimization process works remarkably well for its
simplicity, there are criticisms that the algorithm can get stuck in
local minimums and can be unstable. Figure 2 shows an example
visualization of a neural network’s ’loss landscape” which the algo-
rithm for backpropagation is effectively searching for a global min-
imum. From Figure 2, it is easy to see how when using backprop-
agation, the algorithm could get stuck in a local minimum rather

than reaching the ideal global minimum [Li et al. 2017].

Given the instability of backpropagation, an alternative approach
could be to directly solve for the weights given a training dataset
and an SMT solver. Although this approach does not scale well
for larger models or datasets, it demonstrates the NP-hardness of
training neural networks and helps justify why some trade-offs are
required. Previous work done in this area includes demonstrating
that training a simple 3-node neural network is NP-complete

and Rivest 1988 and showing that training neural networks with an
ReLU activation function is NP-hard [Boob et al. 2020]. Showing

that ReLU training is NP-hard was completed using a reduction
from the hyperplane separability problem, which inspired the
training dataset used for this project (see Figure 1).



Figure 2: Example "loss landscape” for a neural network
2017]]. A gradient descent optimizer might get stuck in one of the
many local minimums rather than reaching the ideal global mini-
mum.

3 Methods

Previous work demonstrating the NP-hardness of training neural
networks has focused on simple feedforward models. For this
project, a generic algorithm is proposed that can take any feedfor-
ward neural network of arbitrary dimension with ReLU activations
and find the optimal weights for a given training dataset using an
SMT solver. The input to the SMT solver will be a series of equa-
tions that is generated for every individual data point in the training
dataset. Therefore, there will only be a satisfiable solution if a con-
figuration of weights exists for the neural network that is correct for
every data point in the training dataset.

Feedforward neural networks are the most vanilla implementation
of neural networks without special features such as convolutions
or recurrence that are common in computer vision or natural lan-
guage processing models. See Figure 3 for an example two-layer,
three node feedforward neural network that is NP-complete to train.
[Blum and Rivest 1988]l. The proposed algorithm will handle nodes
of the following structure:

S(x,,2) = ReLU (wox+w1y+waz+b) 0
ReLU (x) = max(0,x) 2)

Here wg, wi, wy and b are the weights that need to be "learned”
during the training process. Also, x, y, and z are just an example
3-dimensional input, but any dimensional input is also supported
by the algorithm. There are many possible activation functions, but
ReLU is the most common due to its ease of calculation and help

with preventing vanishing gradients [Tan and Lim 2019||. For this

reason along with an existing proof of NP-hardness [Boob et al.|
[2020], this is the reason ReLU activations will be supported by the

proposed SMT training algorithm for any number of nodes and any
number of layers in the neural network.

Although this node mental model is typically used to discuss neural
networks, the underlying implementation and interface in popular
machine learning libraries is typically just a matrix. For example, in
the neural network from Figure 3, the first layer that accepts inputs
of dimension # and has two nodes would just be represented as the
following matrix:
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Figure 1: The three node neural network.

Figure 3: Example two-layer, three-node neural network
Rivest 1988].
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With this in mind, it becomes clear that the algorithm to take a
neural network and build the SMT solver’s input will need to han-
dle recursive matrix multiplication. Fortunately, matrix multiplica-
tions maps relatively intuitively to traditional SMT problems. The
interface pySMT [Gario and Micheli 2015] was used for build-
ing the SMT equations here and these were then passed into a
Z3 solver [de Moura and Bjgrner 2008|]. pySMT represents each
step in an equation as a tree node with two input branches, which
worked well for the recursive nature of multiplying layers’ matri-
ces. The code for this implementation can be found in the included
’smt_training.py’ file and runs in polynomial O(plmn) time where
p is the number of data points, / is the number of layers in the net-
work, m is the number matrix rows, and n is the number of matrix
columns.

After the matrix multiplcation between each layer’s inputs and
weights, each value in the resulting matrix needs to pass through
the ReLU activation function (Equation 2). Fortunately, pySMT
has built-in support for taking the max of two values and adding it
as anode in a formula’s tree.

Next, the output from the model needs to be mapped back to a cor-
responding label for loss computation. For classification tasks, a
common neural network output is an array of logits where each
array index corresponds a potential label’s class. Then the array in-
dex with the largest output logit corresponds to the neural network’s
prediction. This allows the model to be trained with backpropaga-
tion using cross entropy as a loss function:

CE(P",P)=—) P log(P) &

where P* represents the true probability distribution from the la-
bels and P represents the model’s predicted probabilities. In order
to directly compare the training performance using an SMT solver
vs backpropagation, the algorithm proposed needs to also handle
the output array of logits. After the algorithm steps described pre-
viously, we will have an array of formulas for consideration. Then



the array can be consolidated by taking the formula at the corre-
sponding label’s index and setting it as greater than each of the other
remaining formulas.

For example, if there were three possible classes for the model to
predict and the label indicated the formula at index 2 was correct,
the the transformation would look as follows:

[woxo +bo, w1x1 + b1, waxa +ba] —
waxp + by > woxg +bg Awaxy +by >wixi+b1 (5)

The runtime for this transformation is just O(pc) where p is the
number of data points and c is the number of classes. Therefore,
this transformation step is insignificant for the overall time com-
plexity for the transformation as it is dominated by the matrix mul-
tiplication and ReL.U steps.

The transformation process described in this algorithm have been
implemented to accept any PyTorch [Paszke et al. 2019]] feedfor-
ward neural network and corresponding training data as input. Then
the PyTorch neural network is transformed to a series of equations
for each input in the training data, pySMT and Z3 are called to find
the ideal weights, and finally the weights are set back on the neu-
ral network. A separate testing function is called after the process
is complete to ensure the solution results in 100% accuracy. The
only stipulations to using the SMT trainer proposed is that the neu-
ral network activation functions are only ReLU and there must be
list populated on the network that contains each layer’s weights (so
the algorithms knows how to find them). The goal was to make the
implementation as generic as possible, so other interested parties
could easily extend the trainer for their work.

Finally, a toy dataset was generated for testing the tool. The dataset
was created by sampling points from the surface of a unit sphere and
then deciding their classification based on their position relative to
two planes:

ax+by+cz>0 (6)
dx+ey+fz>0 @)

where the coefficients for a, b, ¢, d, e and f were determined
using a random number generator. This means the model just has
to perform binary classification depending on which side of the
plane the point sits, but the SMT training algorithm proposed also
supports multiclass classification. See Figure 1 for a visualization
of the training data. With this data, the same model was trained
using both backpropagation and the SMT solver and the resulting
training times were recorded. Backpropagation training was not
considered complete until 100% accuracy was achieved on the
training dataset. This process was then repeated while linearly
increasing the size of the neural network.

4 Results

The algorithm proposed for training neural networks using an SMT
solver was able successfully train feedforward networks with an
arbitrary number of layers and nodes, but the solver also quickly
runs into time limitations. For the SMT solver, the training time
increases exponentially as the number of weights in the network in-
creases (Figure 4). At 400 model weights, the SMT solver takes
10 seconds and for any larger number of weights, the solver strug-
gled to consistently return a response. A neural network with 400
weights corresponds to 53,821 equations being passed to the Z3
SMT solver. Interestingly, backpropagation training initially shows
the opposite relationship and the runtime decreases as the number
of model weights increases (Figure 5). This is most likely caused by

backpropagation requiring more training iterations with the fewer
weights because there is a narrower range of acceptable values.
This is a special case where the neural network is overfitting the
toy artificial dataset and, in general, a larger number of weights
requires more training time during backpropagation. This was con-
firmed in Figure 6 where the number weights was increased expo-
nentially (beyond what SMT could support), and then training time
for backpropagation does begin to increase.

SMT Training Time
10 .

Running Time (secs)

0{ @ * .

T T T T T T T
50 100 150 200 250 300 350 400
Number of Model Weights

Figure 4: Running time required for SMT training vs number of
model weights.
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Figure 5: Running time required for backpropagation training vs
number of model weights.

5 Conclusion

The training time required for neural networks using backpropaga-
tion on real world data can vary drastically based on factors such
as hardware, model size, training data size, optimizer, and the ini-
tial weights. Considering these many factors and and the potential
for non-optimal, locally minimum solutions, training with an SMT
solver might seem like a functional alternative for small networks.
Unfortunately, for a network with more than 400 weights, using a
pySMT interface with Z3 solver appears to struggle to find a so-
lution. While 400 weights might sound substantial, it is not near
the scale of most modern neural network architectures. Standard
computer vision models able to run on personal laptops can have
over 19.4 million weights [He et al. 2015|] and large language mod-
els such as GPT-3 can have over 175 billion weights [Brown et al.
2020]. Despite the impracticality of using SMT solvers as trainers



for neural networks, attempting to train a model with one provides
a justification on why the trade-offs for less stable techniques such
as backpropagation are necessary. Finally, a related and interest-
ingly line work being done is attempting to verify the behavior of
neural networks using SMT solvers [Katz et al. 2017]]. This can
be important for fields where safety and understanding model be-
havior is extremely important, such as airborne collision avoidance
systems. A natural next step for this project could be shifting to this
application area instead of training.
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Figure 6: Running time required for backpropagation training as
the number weights increases exponentially.
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